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Theory
1) Prove the following using axioms of probability and the definition of conditional
probability given three binary variables X,Y,Z

a) Pxny)=P(xnyn=-2)+P(Xnyn2z)

a.1First we need to show P(x) =P(xn y)+P(x n =y)

By Axiom 1 Q =Universe =1

P(x) =P(xnQ)=p(xn(yn=y)=P(xny))Uxn-y))
By Axiom 4 (addition rule)
P(xny)+P(xn-=y)=P(xnynxnn-y)

P(x) =P(xny)+P(xn =y)

a.2 Substitutew for  xn'y
P(w)=P(xnz)+P(xn=2)
P(w) =P(w) =P(xny)

P)P(X)=P(xnynz)+P(xnyn=-2)+P(Xn=ynz)+P(xXn-yn-z)

b.1
a.1 proved
P(x)=P(xny)+(xn-y)

b.2 Substiture x=xn yand v=xn =y
P(xnynz)=P(wn z)
P(xnyn-z)=P(wn-2)
P(Xn=-ynz)=P(wnv)
P(Xn=-yn-z)=P(wn-v)
P(X)=P(wnz)+P(wn=-z)+P(wnvVv)+P(wn -v)
P(x) =P(w)+P(2)

P(X)=P(xny)+P(xn-y)

P(x) =P(x)

c) PxOyOz)=P(X)+P(y)+(z)-P(xny)-P(xnz)+P(Xnynz)

c.1 Subtitute w=x0vy



by Axiom 4 we now have
P(wlz)=P(w)+P(z)-P(wn 2)

c.2 Replace w and apply axiom 4 a couple times
P(xOyOz)=P(xOy)+P(z)-P((xOy)n z))
P(xOyOz)=P(X)+P(y)+P(z)-P(xny)=-P((xnz)O(yn z))
P(xOyOz)=P(X)+P(y)+P(z)-P(xny)=-P(xnz)+P(ynz)-P((Xxn z)n(ynz))
P(xOyOz)=P(X)+P(y)+P(z)-P(xny)-P(xnz)+P(ynz)-P(xnynz)

d) P(x|y) =1-P(=x]y)
d.1 by the definition of conditional probability
P(xny)
P(xly) =5~
| P(y)
P(=xny)
1-P(=xy) =1-—7-—+
| P(y)
A little rearranging gives us
1= Pxny)  Pxny) _Pxny)+P(xny) _P(y) _4
P(y) P(y) P(y) P(y)

2) Bayes Rule

Know
P(p[vCJD) =.95
P(p|-vCJID) =.30 NOL
1 Microsoft Equation
P(vVCID)= ——— 3.0
1,000,000

P(=vCJD) = 999,999

1,000,000

a)What is the probability of having paralysis and not vCID
By the product rule we can say:

P(p n =VCJD) = P(p|~vCJID)* P(~vCJID)
999,999 _

P(p n-vCJD)=.30* =.
1,000,000

2999

b)What is the probability some one who has paralysis in the us has vCIJD



2)

P(vCIDn p) _ P(p[vCID)P(vCID)
P(p) P(p nvCJD) +P(p n =vCJD)
P(p n ~vCJD) =.2999
1

P(p n vCJD) = P(p[vCID)*P(vCJID) =.95* ———— =.00000095
(p ) = P(p|vCID)* P(vCID) 1000,000

P(vCJD|p) =

- 1
1,000,000
.2999 +.00000095

= P(vCJD|p) = =333 -8

Not very likely

c)what is the probility some one in from Great Britain who has paralysis has
vCJD; P(vCJD)=1/100,000
again
(v\CIDn p) _ P(pvCID)P(vCJD)
P(p)  P(pnvCID)+P(pn -vCID)

P(vCJD|p) = P
But

P(p 1 ~VCID) = .30% 2.

100,000

P(p nvCJD) =.95* 1 . .0000095
100,000

=.2999997

« 1
100,000

.2999997 +.0000095
Still not very likely

16 -5

= P(vCJD|p) =

Density Estimator and Bayes Classifier

a)Estimate all terms of all X,Y,Z that JD will produce

#ofcases(X =x,Y =y,Z =2)+.125
totalcases +1

P(x,y,2) =

Example case A

#ofcases(X =x,Y =y,Z=2)=1+.125 1.125 _ 1125
totalcases +1=9+1 10

P(x=t,y=t,z=t)=

Cases | X | Y | Z | Occurences | Calculated P(case)
A t |t |t |1 1125




B t |[f |t |3 3125
C flt |f |2 2125
D f|f|f |1 1125
E t |t |f |1 1125
F fojt |t 1 1125
G f |[f|t |0 .0125
H t |[f|f |0 .0125

b)
b.1 Use JD to calculate P(x=t|y=t)
P(x=t|y=t)zp(xmy)= P(xnynz)+P(xnyn-z)
P(y) Pxnynz)+P(xnyn=z)+P(=xnynz)+P(=Xxnyn-z)

P(x = t|y 1) = 1125+.1125 — 40909
1125+.1125+.1125+.2125

b.2 Use JD to calculate P(z=t|x=t)
P(z=t|x=t)=P(ZmX): P(xnynz)+P(xn-=ynz)
P(x) Pxnynz)+P(xnyn=z2)+P(xn-ynz)+P(Xn-yn-z)

1125 +.3125 _ 77979

P(z=tjx=t)= =,
J1125+.1125+.3125+.0125

c¢) Estimate all terms of all X,Y,Z that Naive Bayes Classifier will produce

_ #ofcases(X =x,Y =y)+.25
- totalcases +1
_ #ofcases(X =x,Z =2)+.25
- totalcases +1

P(x,Y)

P(x,2)

c.1 calculate P(xn y)and P(x n z) from set D

X | y|z | Occurrences | Occurrences | P(xny) | P(xn 2)
Xny XNz

TIT |2 4 225 425

T|IF |3 1 .325 125

FIT |3 1 .325 125

FIF |1 3 125 .325

c.2 calculate the Bayes terms conditional probability terms

Calculation example term a



p(yx) =20 X) Plya x) =22 = 40909
P(x) P(xny)+P(xn-y) .225+.325
P(z n x) _ P(z n x) _ 425

P(z|x) = = =.77272
P(x) P(xnz)+P(xn=-z) .425+.125
P(y|-x) = Plyn~x) Py n~x) —_ 325 = 72222
P(=x) P(xny)+P(=xn-y) .325+.125
P(z|—ux) _ P(z n =Xx) _ P(z n =Xx) _ 125 27777

P(=x)  P(=xnz)+P(=xn-z) .125+.325

P(y|x) | 40909 | = P(~y|x) =1-.40909 =.59091
P(z|x) | 77212 | = P(=z|x) =1-.77272=.22728
P(x) 525 | = P(~x)=1-.525=.475
P(y|=x) | 72222 | = P(=y|-x) =1-.72222 =.27778
P(z|-x) | 27777 | = P(=z|=x) =1-.27777 =.72223

d)

d.1 Use NB to calculate P(x|y)

P(xy) = Plxay) - P(xn y) =25 - 40909
P(y) P(ynx)+P(yn-x) .225+.325

d.2 Use NB to calculate P(z|x)

P(z|x) _ P(z n x) _ P(z n x) _ 425 — 77972

P(x) P(xnz)+P(xn-z) .425+.125
e) Use JD to predict the following cases
e.1 calculation examples for y=t, z=t and y=t, z=f subsequent probabilities are

calculated in the same way but the y and z boolean values are substituted
according to the table below

thjp(ymz‘x)zP(yﬂZnX): P(xnynz) _ 1125 25 e
P(x) P(xXnynz)+P(xnyn=2)+P(Xxn-ynz)+P(xn-yn=-z) .1125+.1125+.3125+.0125 .55
x=f = P( nz‘_‘X):P()’ﬂzn—‘X): P(-xnynz) _ 1125 _M25
’ P(X) PGXNYN2)+P(XN YN ~2)+P(-xn~yn2)+P(-Xxn~yn=z) 1125+2125+0125+.1125 45
x=t:P(yn—uz\x)=P(ym_'Zﬁx)= P(xnyn=z) _ 1125 =&=20454
P(x) P(xnynz)+P(xnyn-2)+P(xn-ynz)+P(xn-yn-z) .1125+.1125+.3125+.0125 55
X=f :>P(yn—|z\—|x)= Plynzn-x) _ P(=xnyn=-z) _ 2125 _ 1125 _ 47222
P(=x) P(-XxNnynz)+P(-xnyn-z)+P(-xn-ynz)+P(xxn-ayn-z) .1125+.2125+.0125+.1125 45
Y | Z| P(ynzx) | P(ynz-x) | Prediction of X
T | T1].20454 .25 F
T | F|.20454 47222 F
F | T| .56818 02777 T




|F | F].02272 | .25 |F

f)Use NB to predict the following cases

f.1 calculation examples for y=t, z=t and y=t, z=f subsequent probabilities are
calculated in the same way but the y and z boolean values are substituted
according to the table below

P(ynznx) _ P(y n z]x)P(x)

x=t=P(ynzx)= P00 0

= P(y|x)P(z]) =.40909 177272 = 31611

P(ynzn=-x) _P(ynz-=x)P(=x)
P(-x) P(~x)

x=f=P(ynz-x)= = P(y|=x)P(z]=x) =.72222[127777 = .20061

P(yn-znx) _P(yn =2|X)P(x)
P(x) P(x)

Xx=t=P(yn-zXx)= = P(y[x)P(~z|x) =.40909 (122728 = .09297

P(y NnN=zZnN —|X) _ P(y n —|Z‘—|X)P(—|X)
P(-x) P(~X)

x=f=P(yn-z-x) = = P(y|=X)P(~z-x) =.72222[172223 = 52160

Y | Z| P(ynzx) | P(ynz-x) |Prediction of X
T | T].31611 .20061 T
T | F|.09297 .52160 F
F | T|.45660 07715 T
F | F|.13430 .20062 F

g)Use JD to predict cases for MAPC

calculations
P(x|ynz)zp(xn ymz)= P(xnynz) _ 1125 _
P(y nz) Pxnynz)+P(=xnynz) .1125+.1125
P(—|x|ynz):P(_'Xﬂ yn z): P(=-xnynz) _ 1125 -
P(ynz) Pxnynz)+P(-xnynz) .1125+.1125
P(x|yn—nz):P(Xm ynﬂz): P(xnyn=z) _ 1125 _ 24615

P(yn-2) P(xnyn=z)+P(-xn ynﬂz)_.1125+.2125



_P(=xnyn=z) _ P(=-xnyn=-z) _.2125

I:)(_'X|yn -2) = =,
P(yn-z) PxXnyn=z)+P(=xnyn=z) .1125+.2125
P(x|—-y n7)= P(xn-=ynz) _ P(Xxn=yn2z) _ 3125 _ 9515
P(nyn2) P(xn-=aynz)+P(=xn-=ynz) .3125+.0125
P(—-x|—-ynz):P(_'Xﬂ_'ymz): P(-xn-ynz) _ 0125 — 03846
P(nynz) P(xn-ynz)+P(=xn-ynz) .3125+.0125
P(x| . Z):P(xn—'yn—'z): P(xn-=yn-z) _ 0125 _
y P(-yn-z) P(Xn-ayn-z)+P(-xn-yn-z) .0125+.1125
P(—|xn—|yn—|z)= P(=xn=yn=z) _ 1125

P(=X-yn=z)=

P(-yn-2) P(Xxn~yn=z)+P(=xn-yn-z) .0125+.1125 °

Y | Z| P(xlynz) | P(~xynz) | Prediction of X
T |T|.5 5 F
T | F|.34615 .68 F
F | T].96153 .03846 T
F |F|.1 9 F

h)Use NB to predict cases for MAPC

calculations
P(xnynz) _ P(y n Z]x)P(x) _ P(y[x)P(z]x)P(x) _ P(y[X)P(z|X)P(x)

POy n2)= P(yn z) P(xnynz)+P(=xnynz) P(yn Z|X)P(x) +P(y n zJ~x) - P(Y|X)P(z]x)P(x) + P(y|=X)P(z]=x)P(x)

_ P(y|[x)P(z]x)P(x) _ A0*.77%.52 16
P(Xynz)= = =—=62
P(Y|X)P(z[x)P(x) + P(y[=X)P(z|=X)P(=x) .40*.77*.52+.73*.28*.48 .27
e PORWRGDREN vy o
y P(Y[=X)P(z]=X)P(=x) + P(y[X)P(z|x)P(x) .40*77*52+.73*.28*.48 .27
P(x|y n-z)= PUMPEZHP) = 40723752 =By
P(y[X)P(=Z|X)P(x) + P(y|=X)P(=zJ=X)P(=X) .40*.23*.52+.73*.72*.48 .30
P(=Xy n-2) = PUXPEZPEX) = 73772748 25 _ g3

T P(YX)P(2Z)P(X) + P(y]X)P(~Z~X)P(~X)  .40%23%52+.73%.72%48 30



P(=y[x)P(z]x)P(x) _ 59* 77* 52 24

P(X~ynz)= = =="=86
P(=yX)P(z[x)P(x) + P(=y|=X)P(z|=X)P(=Xx) .59*77*52+.28*.28*.48 .28
P(=y|=X)P(z=X)P(=x) _ 72%.28% 48 10
P(-x-yn2z)= = == =14
P(=yX)P(z]x)P(x) + P(ay|=X)P(z|=X)P(=x) .59*77*52+.28*.28*.48 .49
P(=y|X)P(~z|x)P(x) _ 59*.23% 52 07 _
P(X~yn-z)== = =='-m
P(=y[x)P(=z]x)P(X) + P(=y|=X)P(=2Z|=X)P(=X) .59*.23*52+.28*.72*48 .17
P(=y~X)P(=z=x)P(=X 28*.72*.48 A0
P(~xy 1 ~2) = (=y|=X)P(=Z-x)P(=x) _ _10_

" P(=y[)P(=ZX)P(X) + P(y|=X)P(~2]-X)P(=X) ~ .59*.23*52+.28*.72*48 .17

Y | Z| P({ynz) | P(~xynz) | Prediction of X
T | T|.62 .38 T
T |F|.17 .83 F
F | T]|.86 14 T
F |F|.41 .59 F




